Modern University for Technology and Information

Faculty of Engineering i_ll
Mathematics (3) Final Exam _
Fall 2014, Time allowed 2 hours P Tl & ormten

Answer the following questions:

(1- a) Use the suitable test to test the following series for convergence

o0 o0 o0 n
Oy —— @ L Gy @

n=1 n°+1 n=l 3 n=1

(1-b) Givenw = tan_l(x3 + y3) Show that xg—w + y%’v =3sinwcosw
X

----------------------------------------------------------------------------------------------- (8 marks)
(2) Solve the following differential equation
(@) y'+ ycotx —sin®x
(b) (xy —x*)dy - y*dx =0
----------------------------------------------------------------------------------------------- (8 marks)
(3) Find the general solution of the following differential equation
(@) (a) (D?—-2D +1)y =cos3x
(b) (D% —5D +6)y =eX cosh6x
----------------------------------------------------------------------------------------------- (8 marks)
(4-a) Find V.F and Vx F giventhat F =(2xy+z°)i + x| +3xz°k
(4-b) Show that V x %ﬁ =0 for any scalar function ¢(x,y,z).
----------------------------------------------------------------------------------------------- (8 marks)
23 -3z i . .
(5- a) Evaluate ¢ -2) dz where C is the circle |z| =4 in the complex plane.
Z —
C
(_3!0)
(5- b) Evaluate | (2% —iz)dz on the circle|z|=3.
(3.0)

(5 -¢) Show that the function f(z)=sinxcoshy+icosxsinhy is differentiable at any

point z.
----------------------------------------------------------------------------------------------- (8 marks)
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Model Answer
Answer of question (1)
(a) Test the following series for convergence
(e 0] (e 0] (e 0] n
O 5 @ &L @i (2
n=1 n“+1 n=l 3 n=1 \3
Answer
(i)  Use integral test

1 © 1 1. _ _
Uy =——and [ 5 dx:[tan 1x} —tantoo—tan t1=2-2-7
X“+1 1 X°+1 1 2 4 4
o0
The integral exist then the series . 5 convergent series
n=1 n°+1
(i)  Use ratio test then
n n+1 Uy (+1) 3" n+1
un :—n, un+1: 1 = 1 U —
3 3 Uy 3 n  3n
. u . n+1 1
and lim 20+l _ jim P22 9
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The series convergent series
e 2\ 2 . _
@ X (Ej IS geometric series with ratio §<1wh|ch show that is convergent
n=1
series

(b) Givenw = tan_l(x3 + y3) Show that X%N + y%’v =3sinwcosw

W= tan_l(x3 - y3) then tanw= (x3 + y3)
Differentiate with respect to x sec?w Z—W =3x? @
X

Differentiate with respect to y sec® w ow = 3y2 (2)

Multiply (1) by x and (2) by y we have
xsec? w ow =3x° (3)
OX

ysec2 W %N = 3y3 (4)



Add (3) and (4)

xsec? w Z—W + ysec2 w %N =3x3+ 3y3 = 3(x3 + y3) =3tanw
X

Divided by sec’w xa—W+ y a—W: 3ta2nw
OX 0y sectw

=3sinwcosw RT.P

Answer of question (2)

(@) V' + ycotx =sin® x

The equation is a linear and P(x) = cot X, Q(x)=sin2x

We can determine the integrating factor

Insin x
e

[ P(x)dx=] cotxdx=Insinx ATE =sinx

multiply the equation by sin x

y'sin X + ysin xcot x =sin® x

, . _COSX . 3

y'sin X + ysinx——=sin” x
sin x

y'sin X + ycos X =sin® x

Which is exact differential equation and the left side is the derivative of ysinx

~.d(ysinx) =sin®x and by integration
ysinx = sin3xdx=.[sin2 xsinxdx:j(l—cos2 x)sinxdx:j(sinxdx—cos2 xsin x dx)
ysinx=—cosx+%cos3x+c

1 cos® X C

|y=—Cot X+ =— + —
3 sinx sinx
is the general solution of the given equation.

(b) (xy—x®)dy—y“dx=0
M (X, Yy), N(x, y)are homogeneous of the same degree(second degree)

let y=ux ..dy=udx+ xdu substitute in the differential equation we have


http://en.wikipedia.org/wiki/Derivative

(x u—x )(udx+ xdu) — X 2u2dx =0

x?(u=1)(udx + xdu) — x2u?dx =0
Divided by x2and separate the variable
(u—1)(udx + xdu) — udx =0
(u=1udx + (u—-21)xdu— u%dx =0
[(u—l)u— uszx+ (u=1)xdu=0
—udx + (u=1)xdu=0

_d_X+MdU=O
X u

dx (1——)du 0 by integration we have

I—-InXx+u—Inu=Inc|

InXx+Inu+Inc=u

Incxu=u = |Incy =

X <

Another solution

(xy — xz)dy - y2dx =0 = xydy- x2dy - yzdx =0
xydy — y2dx — x2dy =0
_, (xdy-ydx) 1

y(xdy—ydx)—xzdyzo 5 dy=0
X y
d(z)—idyzo integrate X—Iny:InC
X"y X
Y _InC+Iny=InCy = |y=xe
X

Answer of question (3)
(@) (D2 —2D+1)y=cos3x The characteristic equation is

m?-2m+1=0 = (m—1)2:0

~mp=1m,=1 and |yc =(C;+Cyx)e




1 1 -1 1 -1 (D-4)
Yp :2—c033x =————C0S3X=—. CoS3X = 5 —————C0S3X
D2 _-2D +1 —9-2D+1 2 (D+4) 2 (D —16)
_-1 (b-4)

————-C0S3X = i(D —4)c0os3x = i.(—Ssian —4c0s3X)
2 (-9-16) 50 50

=~y (X) = (C +Cox)e* - 5—10.(35in3x +4c0s3X)

(b) (D2 —5D+6)y=e*cosh6x  The characteristic equation is
m?—5m+6=0 then (M—2)(m—-3)=0—>m=2,3 and y, =C;e3* +C,e?* and

yp=2;excosh6x=ex 5 : cosh6x
D“-5D+6 (D+1)“-5(D+1)+6
=e* 5 1 cosh6x=eX2;cosh6x
D“+2D+1-5D-5+6 Dc-3D+2
=e)‘2;cosh6x=eX cosh6x=echosh6x
6°—3D+2 38-3D 38°-9D
X
=~ (38cosh6x — 18sinh6x)
—9(6)

Then the general solution in the form
3x 2X e .
Yo =Ce°" +Cre®” + ——(38cosh6x —18sinh6x)
¢ 2" 7 382_9(6)?

Another solution

6X —-6X
Yp=;excosh6x= ! ex(e e }

D?2_5D+6 D?2_5D+6
_1;(67 +e—5x)=£(2;67x+2;e—5xj
2D“-5D+6 2\ D“-5D+6 D“-5D+6

x+ > 1 e—5x 1( 1 e7x+ 1e—5x)
—5(7)+6 (-5)° —5(5)+6 2\ 20 6

Then the general solution in the form

1( 1 1
=Ce3X +Ce?X + 2 —e ¥ 42X
Y =41 2 2( 20 6




Answer of question (4)

(4-a) Find V.F and Vx F giventhat F =(2xy+z%)i+ x? | +3xz°K
Answer

3 2 2
div F=V.|:=6F1+6F2+5F3 =6(2xy+z )+6X +63xz _

2y +6Xxz
oXx oy oz OX oy 0z
i i k
- - 0 - 0 - 0 — 2.% ) e 0 0 0
VxF)=[(—1+—]+—K)x(X°yi—2xz ]+ 2yzk)]= — — — |=0
(VxF) =1 o't )x(x%y J+2yzK)] ™ y
(2xy+23) x%  3xz?

i j Kk
§x(§¢)=§x %T-i-%].*.%E =i o 0
oxXx oy 0z

e aae- A s

[ 2% o% . o’ 0% i 0% 9% o
_6yaz ozoy 020X OX0z Oxoy 0Oyox

Answer of question (5)

3 —
(5- a) Evaluate {)ﬁdz where C is the circle |z| =4 in the complex plane.
Lz~

3 —
Since z=2 inside the circle |z|=4 and f(2) _I -3z
2-2, (z2-2)

f(zy)= (2)*-3(2)=2 by using Cauchy’s integral Formula

then z, =2, f(z)=2°-3z



§-2) 472271 £(z,) then 3523_32 dz = (27i) f (2) = 4

c1-1 & 2-2
(_3’0)

(b) Evaluate | (22 - iz)dz on the circle|z| = 3.
(3.0)

Answer
Use the exponential form for the complex number
z2=3¢'%then do =3e"de and z=3¢"1°
(=3,0) n . . . n . . .
[ (2*-i)dz=] (9e%' -i3ie"®)3ie'%d0 = [ (9e*'® +3¢'")3ie'do
(3,0) 0 0

1 . . e3if) e2i9
=3if (9> +3e?%)do=3i|9" —+3"_
0 3i 21

(5 -¢) Show that the function f(z) =sinxcoshy +icosxsinhy is differentiable at any

point z.

f(z)=sinxcoshy+icosxsinhy

u=sinxcoshy v =cos xsinhy

ou ov L

—=cos xcoshy —=-=sinxsinhy

OX OX

ou . . ov

—=sinxsinhy —=cosxcoshy

oy oy

ou ov ou ov . .
—=-——=cosxcoshy and —=-——=sinxsinhy
oX oy oy OX

This function satisfies Cauchy Riemann’s equations which indicates that is differentiable
at any point z.



